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Abst ract - -A  possibility programming approach is proposed based on the use of simple but realistic 
fuzzy numbers, the poasibility concept, and the comparison of fuzzy numbers. The approach appears 
to be very powerful due to its simplicity and its relatively small requirement of computer time. 
Strict exceedance possibility and trapezoidal fuzzy numbers are used to illustrate the approach with 
numerical examples. 
INTRODUCTION 
Buckley [1] proposed possibilistic linear programming with triangular fuzzy numbers and dis- 
cussed the difficulties in obtaining the possibility distribution Poss[Z = z] due to nonlinearity. 
However, in practical applications, the possibility distribution is not necessarily needed. The 
decision maker is more interested in the possibility level that can be achieved. This desired pos- 
sibility level can be obtained from the decision maker or from common sense. Once the desired 
possibility level is given a priori, the problem is reduced to a linear one. 
The approach in this paper is based on Buckley's concept. But, instead of trying to obtain the 
possibility distribution, we try to solve the problem with a given possibility level. 
The proposed approach is based on three components. The first is the use of fairly simple 
but reasonably realistic fuzzy numbers to represent the approximations. The second is based on 
the comparison of fuzzy numbers, and the third is the use of the possibility concept. The first 
two components will be discussed in detail in the first two sections. The possibility concept is 
well-known and was first proposed by Zadeh [2]. 
FUZZY APPROXIMATION OF ENGINEERING PROBLEMS 
Engineering problems are generally approximate, but only approximate to a certain degree. 
In other words, these problems are not as approximate as in the general inguistic usage, or 
in classical logic. For example, an experienced engineer may say that a certain project can be 
completed in 7 hours. But, due to uncontrollable factors, the project may take as many as 10 or 
as few as 5 hours. Traditionally, this problem is approached in two different ways. The first way 
is to represent this approximation by the interval [5,10]. However, if we think carefully about 
the meaning of the approximation, we shall discover that this traditional interval representation 
is not correct and a fairly large amount of information has been lost. 
Another way to represent this approximation is by the use of statistics. However, for almost 
all engineering problems, there is not enough data to use the statistic representation. Thus, this 
second statistic approach is seldom used. 
A triangular Fuzzy Number (TFN) of the form {al,a~,a3} appears to be ideally suited to 
represent this approximation, where the value of the membership function is 1 at a2 and zero at 
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al and a3. For the above problem, we have {5,7, 10}, where a2 = 7 has the highest possibility, 
and as one moves away from a2 = 7, the possibility decreases linearly in either direction until 
al = 5 or a3 = 10, where the possibility level or the membership function reduces to zero. Notice 
that this TFN, {5, 7, 10}, represents the meaning of the original problem exactly. 
Instead of a linearly decrease as we move away from a2 = 7, we can also use a nonlinear function. 
However, since the problem is approximate and, at the same time, there seldom has enough data 
to form this nonlinear function. Thus the traditional TFN forms an ideal compromise. 
Instead of a TFN, a Trapezoidal Fuzzy Number (TrFN) of the form {al,a2,a3,a4} can also 
be used, where the value of the membership function is 1 in the interval [a2,a3] and zero at al 
and a4. For example, the engineer may say that the project can usually be completed in 6 to 8 
hours. But, due to uncontrollable factors, the project may take as many as 10 hours or as few as 
5 hours. This approximation problem can be represented by the TrFN = {5, 6, 8, 10}. 
COMPARISON OF FUZZY NUMBERS 
One of the basic problems in fuzzy decision making is the ranking or comparison of fuzzy 
numbers. Since fuzzy numbers are sets and have no linear order, ranking fuzzy numbers is not 
simple. This is especially true, due to the use of the concept of possibility. Many different 
comparison methods have been proposed in the literature [3]. However, in the present paper, 
only the comparison method proposed by Dubois and Prade [4] will be used. 
Dubois and Prade proposed four comparison indices. However, for illustrative purposes, only 
the exceedance possibility and the strict exceedance possibility will be used in this paper. For 
TFN's and TrFN's, the results for these two ranking methods can be obtained easily. Consider 
two TrFN's, B and R, which are represented by {bt, b2, b3, b4, } and {rt, r2, "3, "4, }, respectively, 
the exceedance possibility can be shown to be: 
1, if b3 ~_ r2, 
POSs[]} > R_R_j = 51, if b3 _< r2, 
0, if rl _> b4, 
rl < b4, (1) 
where 
51 = 
and the strict exceedance possibility is: 
(b 4 -- rl) 
(b4-ba)+(r2-rl) (2) 
1, if b3 ~_ r4, 
Poss[B > 1~] = 5~, if ba _< r4, 
0, if b4 _< r3, 
b4 > ,3, (3) 
where 
- r3) (4)  
52= (b4-  ~b3;.t_ (r4 - r3)" 
Consider two TFN's /~ and/~, which can be represented by {bl, b2, b3} and {rl, r2, r3}, respec- 
tively; the exceedance possibility is: 
1, if r2<b2,  
Poss[/~ > R__] = 53, if r~ ~ b2, 
0, if rl ~_ b3, 
rl > b3, (5) 
where 
(b3- r l )  63= (6) (b3-b2)+(r~-rl) 
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and the strict exceedance possibility for TFN's is: 
1, if b 2 > r3, 
Poss[/3 >/~] = 64, if b2 _< r3, 
O, if r2 >__ b3, 
r2 _~ b3, (7) 
where 
~4 -~ 
(b3 -- 1"2) 
(b3 -- b2) q- (r3 -- r2) 
(8) 
FUZZY L INEAR POSSIBIL ITY PROGRAMMING 
A general fuzzy LP problem can be defined as: 
Max (or min) ~ x, 
subject o A x * I~, 
x>_0, 
(9) 
where ~ and x are n-dimensional vectors, !~ is m-dimensional, and A is an (mx n) matrix. 
Parameters with- are fuzzy numbers which can be either TFN or TrFN. For example, if A is a 
TFN, then any element in A can be represented by {aijl,aij2,aij3}. Similarly, for TrFN, the 
element in A can be represented by {aijz, ai~2, aij3, aij4}. Other fuzzy numbers can be represented 
similarly. The * represents _~, _>, or =. 
Trapezoidal Fuzzy Numbers and Strict Exceedance Possibility 
For illustrative purposes, only the problem with TrFN's and a strict exceedance possibility will 
be considered in detail. For simplicity in the discussion, let us only consider the maximization 
problem with the following format: 
max ~ x, 
subject to Ax < b, (I0) 
x>0.  
It is well-known that other types of inequality or equality constraints and the minimization 
of objective functions can be transformed into the format of Equation (10) easily. Thus, Equa- 
tion (10) can be used to solve almost any type of fuzzy linear problem. 
Since the addition or subtraction of TrFN's results in TrFN [5], the inequality constraints in 
Equation (10) can be treated as comparison of fuzzy numbers. Thus, according to Equations (3) 
and (4), the strict exceedance possibility that constraint i is satisfied can be expressed as: 
1, if bi3 >_ ri4, 
Poss[xE Fi] = 62i, if bi3 <_ ri4, 
O, if hi4 <_ ri3, 
hi4 > ri3, (l la,b,c) 
where 
n f~ 
(b,4- r,3) and ri4 = Ea i j4  zj, ria = E alj3 zj. 
6~i = (bi4 - bi3) + (r~4 - ri3) i=I ~=I 
Since we are generally not interested in a zero possibility, the decision space is in Equa- 
tions (11a) and (11b). Thus, the only constraints that are needed to restrict the results in 
this decision space is: 
bi4 > rl3, for all i. (12) 
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In order to satisfy all the constraints, we must have: 
Poss[x • F] -- min {Poss[x • F1], Poss[x • F2],..., Poss[x • Fro]} 
= min{61,62,..., 6m}. (13) 
The conditional possibility for the objective function z, given that the x's satisfy the strict 
exceedance possibility for the constraints, are: 
Poss[Z = z Ix] 
(Z--E~'=.lejlT'#4) 
= = 01, ) j=1 c#42 .~c#4 - 1 c#41 x#4
=1,  
(z ° ) #4=1 c#44 ~c#4 - z 
= = 02, 
(E#4LICj4X#4- E~__I Cj3 X#4) 
n n 
for ~ c#41 x#4 ~ z ~ ~ c#42 x#4, (14a) 
#4=1 j=l  
f t  
for Ec#42 z#4 _< z _< Ec#43x#4' (14b) 
#4=1 j=l  
for c#43 ~c#4 <_ z <_ E c#44 x#4. (14c) 
j=l  #4=1 
Since we wish to maximize the objective function, the decision space we are interested in is 02 
or Equation (14c). In order to keep the results in this decision space, the problem must satisfy 
the constraint: 
n 
E cj3xj <_ z <_ E cj4 x j .  (15) 
j=l  j=l  
The unconditional possibility distribution for the objective function can be represented by: 
Poss[Z = z] = min {min(61,62,..., 6m), 02} 
= min (61,62,..., 6m, 02) (16) 
for the space represented by Equations (12) and (15). Since the 6's and 02 are represented by 
nonlinear expressions, the above problem is a nonlinear one. 
This problem can be reduced to a linear one if the desired possibilities are known and given. 
Two different approaches can be formulated depending on whether we have the participation 
of the decision maker. If we have the interaction of the decision maker and the decision maker 
supplied a desired possibility level, say, a level of a, then our problem becomes: 
Maximize z, (17) 
n 
subject to 61,62,. . . ,6m, 02 ~ a,bi4 ~ Eaij3xj for all i, 
j--I 
n n 
ECj3Xj ~_ z <_ ECj4Xj, (18) 
j=l  #4=1 
Xl ,X2, . . . ,Xn ~ 0. 
This linear problem has (n+ 1) unknowns and (2m+3) constraints not including the nonnegativity 
constraints. Although we only assigned one level of possibility for all the constraints and the 
objective function, obviously, different levels of possibility can be assigned to different constraints. 
If we do not have the decision maker's participation, the most reasonable value for the possi- 
bility level would be one. With all the 6's and 02 equal to one, the fuzzy problem reduced to the 
following crisp linear programming problem: 
Maxmize 
subject to 
Z, 
bi3 ~_ E aij4 z$ for all i, 
$--1 
f t  n 
./----1 j----I 
(19) 
(2o) 
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with xj >_ 0 for all j and with z unrestricted in sign. This is a linear problem with (n + 1) 
unknowns and (m + 2) constraints. 
EXAMPLE 1. Let us consider the following fuzzy optimization problem: 
Maximize 
subject o 
z = (1,2,3,4)xi + (2,3,4,6)x2, 
(0, I,2,3)xi + (1,2,3,5)x2 _< (3,5,6, S), 
(1,2,3,6)x, + (0, 1,2,3) x2 _< (2,4,6,7) xl, x~ >_ O. 
The strict exceedance possibility that the first constraint is satisfied can be expressed as: 
1, i f3xl  +5x2 _< 6, 
Poss[x, EF1]= ~f21, i f3x l+5x2>_6,  
0, if 2xl + 3x2 > 8, 
8 -- 2Xl  -- 3X2 62~ = 
2 + xl + 2x2 
2Zl +3x2 < 8, 
For the second constraint, we have: 
1, i f6xl  +3x2 < 6, 
Poss[x, EF~]= ~22, i f6xl  +3x2 _> 6, 
0, if 3xl + 2x2 >_ 7, 
7 - 3 xl - 2x2 
~22 = 1+3x l  +x2 
3xl + 2x2 _< 7, 
With a = 0.5 and by the use of strict exceedance possibility, this problem can be reduced to the 
following crisp linear programming problem: 
Maximize 
subject o 
z 
3xx+4z2<z<4xl+6x2,  2x l+3x~ < 8, 
3xl +2x~_< 7, 2.5xl +4x2 _< 7, 
4.5 xl + 2.5 x2 < 6.5, 3.5zl+5x2-z>_O, 
Xl, X2, > 0. 
The solution for this problem is z = 9.0213, xl = 0.7234, x~ = 1.2979. 
FUZZY MULTI -OBJECTIVE LINEAR PROGRAMMING 
A fuzzy multi-objective linear problem can be put into the following standard format: 
Maximize dkx, k=l ,2 , . . . ,p ,  
subject o ~kx 5 b, 
x>O.  (21) 
Since a minimization problem can be transformed into a maximization problem easily, Equa- 
tion (21) can be used to solve almost all the fuzzy multi-objective problems. 
The only difference between Equation (21) and the problem discussed earlier is that we now 
have p objective functions. This problem can be approached in essentially the same way as that 
discussed earlier. Since all the objective functions are maximized, the decision space for the p 
objective functions must correspond to 02 or Equation (14c). Thus, we have p equations corre- 
sponding to Equation (15). If the decision maker supplies a desired possibility level, Equation (21) 
can be reduced to the following crisp linear multi-objective problem: 
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Max Zl,Max z2, . . . ,Max zp, 
subject to 61,62,...,&~ > a, 012,022,...,0p2 >_ a, 
n 
bi4 )_ E aij3 Xj, for all i, 
j=l (22) 
tl rt 
E etj3 xj < zk < E ckj4 xj, for all k, 
j=l  j=l 
with xj > 0 for all j and with the sign of z unrestricted. This is a linear multi-objective problem 
with (n + p) unknowns and with (2 m + 3p) constraints. 
If the decision maker's participation is not available, we can again let all the possibility levels 
equal to one. The following multi-objective problem can be obtained: 
Max z I , Max z2, • • •, Max z n, 
r t  
subject to bi3 > E alj4 a:j, for all i, 
j=l (23) 
ckj2 xj <_ zk <_ E ekj3 xj, for all k, 
j=l j=l 
with zj _> 0 for all j ,  and with z unrestricted in sign. This is a linear multi-objective problem 
with (m + p) unknowns and with (m + 2p) constraints. 
EXAMPLE 2. Consider the following multi-objective fuzzy problem: 
Max z, -- (1,2,3,4)Xl + (2,3,4,6) x2, 
Max z2 = (5, 6, 7, 8) xi + (2,3,4,5) z2, 
subject to (0,1, 2, 3) zx + (1, 2, 3, 5) x2 < (3,5,6,8), 
(1,2,3,6) Xl + (0, 1,2,3) x2 _< (2,4,6, 7), 
zl, x2 _> O. 
This problem can be reduced to the following crisp problem by the use of strict exceedance 
possibility: 
Max Zl, Max z2 
subject to 2xl  +3x2 < 8, 3z l  +2z2_< 7, 
3xl +4x2 _< zl _< 4z l  +6z~,  7xl +4x2 _< z2 < 8z l  +5x2,  
4x l+6x2-z l>_0 .5(x l+2z2) ,  8z l+5x2-z2_>0.5(xx+z2) ,  
8 -  2z l  - 3x2 > 0.5 (2 + xl + 2x2), 7 -  3xl  - 2x2 _> 0.5(1 + 3xl  + x2), 
Xl, X2 __> 0, 
where an a value of 0.5 was assumed. This problem was solved by the global criterion method 
with equal weights. The results are xl = 0.7234, x2 = 1.2979, zl = 9.0213, z2 = 11.2660. 
EXAMPLE 3. Only strict exceedance possibility has been used. Let us use the exceedance possi- 
bility to solve the following more general problem: 
Max (0, 0.5, 1.5, 2) xx + ( 0, 1, 3, 4) x2, 
Min - ( 0, 0.5, 1.5, 2) xl + ( 0, 1, 1.5, 2.5) x2, 
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subject o - (1 ,2 ,3 ,4)x l  + (0, 1,2,4) z2 < (1,2,3,4), 
(3,4,5, 6.5) zl + (1,3,4, 5.5) x2 < (10, 11, 13, 15), 
xl,x2 >0.  
This problem can be transformed into the following standard form: 
Minimize (-2, -1.5, -0.5, 0) zl + ( -4 , -3 , -1 ,0 )z2 ,  
Minimize (-2, -1.5, -0.5, 0) xl + (0, 1, 1.5, 2.5) z2, 
subject o (1,2,3,4)Xl + ( -4 , -2 , -1 ,0 )  x2 > ( -4 , -3 , -2 , -1 ) ,  
( -6 .5 , -5 , -4 , -3 )  xx + ( -5 .5 , -4 , -3 , -1 )  x~ > ( -15, -13, -11, -10) ,  
xl, z2 > 0. 
Assuming a possibility value of 0.5 and with the exceedance possibility, this problem can be 
reduced to the following crisp multi-objective problem: 
Min zl, Min z2 
with xl, 
subject o zl + 1.75 zl + 3.5 z2 >_ O, z2 + 1.75 zl - 0.5 z2 >_ O, 
- 3x l  + x2 _< 3, 4Xl + 3x2 < 13, 
- -2x- -4x2<zl_<--1.5xl - -3x2,  - -2zl_<z2_<-- l .5zl+z~, 
Z2 > 0 and zl, z2 unrestricted in signs. The positive ideal solutions were obtained as: 
xl  x2 
f l  -14.2692 3.4615 0.3077 3.9231 
f2 -4.8750 -5.6875 3.2500 0.0000 
And the negative ideal solutions are: 
f• f~ Xl X2 
f l  0.0000 0.0000 0.0000 0.0000 
f2 -12.2308 3.4615 0.3077 3.9231 
Using the method of global criterion with the exponent term equal to one, the solution for this 
problem was obtained. The results are: xl = 3.25, x~ = 0.0, zl = -5.6875, z2 = -5.6875. 
DISCUSSIONS 
The problem solved in Example 1 was also solved for different values of the possibility levels 
and for exceedance possibility. The results for the objective function are listed in the following: 
a = 0.25 0.50 0.75 1.00 
Zex = 44.59 29.06 19.92 14.00 
Zstr ict ex = 11.97 9.02 6.81 5.14 
The problems with TFN's and with the minimization of the objective functions were also 
solved [6]. Due to space limitations, we shall not list the results here. As expected, the objective 
function value decreases as the requirement on the possibility level increases for maximization 
problems, and the reverse is true for minimization problems. 
Although only the comparison method of Dubois and Prade is used in this paper, other com- 
parison methods can also be used. However, nonlinearity problems may be encountered for some 
of the comparison methods. A lot of research work can be done in this direction. 
The proposed approach appears to be a very powerful one. The biggest advantage is its 
simplicity and its generality. The former is due to the use of simple but very practical fuzzy 
numbers and the latter is due to the fact that the approach is based on the possibility concept 
and the comparison of fuzzy numbers. Another advantage is the fact that there is very little 
increase in the problem size in the resulting linear crisp problem. 
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